
Homework 3 Part B solutions

1. Consider the autonomous ODE below in
which α is a constant (real number) y′ =
α+ cos(y).

a. For what value(s) of α, if any, would
there be no critical points (equilib-
rium/constant solutions)?

Answer: At steady-state, y′ = 0, so

0 = α + cos y. If α > 1 or α < −1, then
the steady-state equation 0 = α+cos y has

no solutions.

b. For what value(s) of α, if any, would
all critical points (equilibrium/constant
solutions) be semi-stable?

Answer: If α = 1 or α = −1, then all

of the steady-state solutions will be semi-

stable.

c. Suppose α = 0 and consider the specific
solution satisfying the initial condition
y(0) = y0.
Determine a value of y0 for which the
solution would be increasing.

Answer: For y(t) to be increasing, we

must start in an interval where y′ > 0. If

α = 0, then y′ = cos y, and y′ is positive

for any y0 ∈ (−π/2, π/2). Since, cos y is

periodic with period 2π, we could also pick

starts in any interval (−π/2 + 2nπ, π/2 +

2nπ) for any n ∈ Z.

2. Based on the plot below, find all the steady
state solutions of the first-order autonomous
ordinary differential equation df/dx = H(f),
and determine the local stability of each. For
those steady-states that are stable, deter-
mine the set of initial conditions that con-
verge to that steady-state. You may assume
H(f) > 0 for all f < 4 and H(f) < 0 for all
f > 7.

Answer: Based on the picture, the steady-state

solutions are {−2, 1, 4, 6}. f = −2 is increasing

semi-stable. f = 1 is asymptotically stable.

f = 4 is asymptotically unstable. And f = 6 is

asymptotically stable.
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